Propositional Logic
(a.k.a. Sentential Logic)
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Boolean Operators

Propositional logic (sentence logic) dealt quite
satlsfactorlly with sentences using conjunctive words
& = Ab) like not, and, or, and if ... then.

A proposmon (p, q, 1, ...) In @ propositional calculus can
get a boolean value (i.e. true or false)

Propositional formula can be built by combining smaller
formula with boolean operators such as -, /\, \/

How many different unary boolean operators exist?

P [0y |0y |03 |04
T |T |T F F
F T |F [T |F

How many different binary boolean operators exist?
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Binary Boolean Operators
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Boolean Operators

op | name symbol op name symbol
0, | disjunction \/ 0,5 | nor l
Og | conjunction A Oqg nand )
0z | implication - 01
05 | reverse « 014
implication
0, |equivalence © 0,0 | exclusive or D
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Ambiguous representation of formulas

A
R A
TN g

i
N l/\l 7
P q p-ll

Figure 2.3 Formationtree forp — g« -p— ¢
Figure 2.4 Another formation tree

msr Intro. to Logic 5
CS402




Other ways to remove ambiguity

Use parenthesis

Define precedence and associativity

The precedence order
“>SA>r>\> | > >0
Operators are assumed to associate to the right

a—b—c means(a— (b — c))

a\/ b\ ¢ means (a\/(b\/c))

Some textbook considers /\, \/, <+ as associate to the left. So be
careful.
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Assignment/

Interpretation v

f=0X VX VX3) A (X, VX VX))

Assignment v, to vg, v, Vg, Vg, Vg, MOdel/
i solution \1

and v,, 10 v,5 Which evaluates f

as true are called as model or

solution of f

:

T T
vw T T T F T
vw T T F T T
v, T T F F T
w T F T T T
v T F T F F
v, T F F T T
vw T F F F F
vw F T T T T
ve F T T F T
vw F T F T F
v, F T F F F
ms F F T T T
vy, F F T F T
ms F F F T T
ve F _F F F T




Interpretations

Inductive truth value calculation for given formula A

A V(A1) | v(Az) | v(A)
—Ay T F
A F T

A VA F F F
A1 VA; otherwise T
A] AAQ T T T
Al ANA; otherwise F
A; - Az T F F
Ay~ A, otherwise T
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A v(Ay) | v(Az) | v(A)
AtA, | T T F
Ay T Ay otherwise T
AL L A F F T
Ayl Ay otherwise F
Ai oAy | VA =Vv(A) | T
AreAy | V(A1) #Vv(Ay) | F
A1®Ay | v(AD)#FVv(A) | T
A1 ®A; | v(A) = v(Al) F

Figure 2.5 Evaluation of truth values of formulas




Examples

227 LetA = (p—g)« (= g—-p), and let v the assignment such that v(p) =
and v(p;) = T for all other p; € P. Extend v to an interpretation. The
Value of- A'can be caiculated inductively using Figure 2.5:

Voo =T
v(ng) =F
viop) =T
v(cg-oop) =T
AP =@ (mg—--p)=T.
Example 2.8 v(p—(g—p)) = T but v((p—g)—p) = Funder the above interpretatior,’
emphasizing that the linear string p — g — p is ambiguous. E|

Example 2.12 Let S = (p =g, p, pVs s A g}, and let v be the assignment given
byv(p) =T, v(g) = F, wr) = T, v(s) = T. v is an interpretation for S and asmgnstli&
truth values
msr ICr:]gz?dzto Logic
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Satisfiability v.s. validity

Definition 2.24

A propositional formula A is satisfiable iff »(A)=T for some
Interpretation v.

A satisfying interpretation is called a model for A.
A is valid, denoted F A, iff v (A) = T for all interpretation v.

A valid propositional formula is also called a tautology.

Theorem 2.25 / | | . \
_ o _ o True 1n some interpretations;
A Is valid iff —A is unsatisfiable. false in others. False
alse 1n
A Is satisfiable iff —A is falsifiable, all interpretations.

True in
all interpretattons.
A i
K R A B I j

Valid Satisfiable Falsifiable Unsatisfiable
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Satisfiability v.s. validity

Example 227 Is(p —+q) - ( =q — —p) valid?

_p | g | p2d | =9~ -p () H(=d-D)
T T T T T
T F F F T
F T T T T
F F T T T
Example 2.28 p V/ q is satisfiable but not valid
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