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First-Order Theories

Quantifiers QFF
T heory Decidable  Decidable

Te  Equality — v
Ipa Peano Arithmetic — —
Iy Presburger Arithmetic v v
Tz  Linear Integer Arithmetic v v
Iz Real Arithmetic v v
Tp Linear Rationals v v
Teone Lists — v
TE Lists with Equality — v



Theory of Equality T¢ |

Signature:

Z::{z,a,b,C,'” :f:g?ha'” :paQ?ra”'}

consists of

» —, a binary predicate, interpreted with meaning provided by

axioms

» all constant, function, and predicate symbols

Axioms of Tg

L,

2
3.
A

Vx. x = x (reflexivity)
VX, y.x=y — y=x (symmetry)

VX, ¥, Z. X=YAy=2 — X=12 (transitivity)
. for each positive integer n and n-ary function symbol f,

vxl?"'pxnayl?" -y Yn- /\fxf — ¥i
— f(x1, ..., %a) = fy1,.- -, ¥n) (function congruence)



Theory of Equality Tg |l

. for each positive integer n and n-ary predicate symbol p,
VX1 ooy X Vs - s Y \i X0 = i
— (p(x1, ..., %n) < p(¥1,--.,¥n)) (predicate congruence)
(function) and (predicate) are axiom schemata.
Example:

(function) for binary function f for n = 2:
VX1, X0, 1, ¥2- Xt = Y1 Axe =yo — fxi,x) = f(y1,y2)
(predicate) for unary predicate p for n = 1:

Vx,y. x=y — (p(x) < py))

Note: we omit “congruence’ for brevity.




Decidability of T¢ |

T £ is undecidable.

The quantitier-free fragment of g is decidable. Very efficient
algorithm.

Semantic argument method can be used for T

Example: Prove

F:a=bAb=c — g(f(a),b) =g(f(c),a)

is Tg-valid.



Decidability of T¢Il

Suppose not; then there exists a Tg-interpretation / such that

I = F. Then,
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Fis Tg-valid.

a=bAb=c
g(f(a), b) — g(f(C), a)

b=rc
f(a) = f(c)
b=a

assumption
,

,

A
AN
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. 8, (function)
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Natural Numbers and Integers

Natural numbers N={0,1,2,---}
Integers Z={.,-2,-1,012,-.-}

Three variations:

» Peano arithmetic Tpa: natural numbers with addition,
multiplication, =

» Presburger arithmetic Tx: natural numbers with addition, =

» Theory of integers Tgz: integers with 4+, —, >, =,
multiplication by constants




1. Peano Arithmetic Tpa (first-order arithmetic)

ZPA: {07 1? —|—? ) :}

Equality Axioms: (reflexivity), (symmetry), (transitivity),
(function) for +, (function) for - .

And the axioms:

1. Vx. 7(x+1=0) (zero)
2. Vx,y. x+1=y+1 —- x=y (successor)
3. FI[O] A (Vx. F[x] — F[x+1]) — ¥x. F[x] (induction)
4 Vx. x+0=x (plus zero)
5. Vx,y. x+(y+1)=(x+y)+1 (plus successor)
6. VX. x-0=0 (times zero)
7. ¥,y.x-(y+1l)=x-y+x (times successor)

Line 3 is an axiom schema.



Example: 3x + 5 =2y can be written using 2pp as

X+x+x+1+1+1+1+1=y+y

Note: we have > and > since
3x+5>2y writeas dz.z#A#0A3x+5=2y+z
3x+5>2y writeas dz.3x+5=2y+4+z

Example:

Existence of pythagorean triples (F is Tpa-valid):

F:3x, v,z x#£A0Ay #0Nz#0AXx-x+y - y=2 -2



2. Presburger Arithmetic Ty

Signature 2 : {0, 1, +, =} no multiplication!

Axioms of Ty (equality axioms, with 1-5):

1. Vx. 7(x+1=0) (zero)
2. Vx,y.x+1=y+1 —- x=y (successor)
3. FIO] A (Vx. F[x] — F[x+1]) — V¥x. F[x] (induction)
4 Vx. x+0=x (plus zero)
5. Vx,y. x+(y+1)=(x+y)+1 (plus successor)

Line 3 is an axiom schema.

Tw-satisfiability (and thus Ty-validity) is decidable
(Presburger, 1929)




3. Theory of Integers Ty

Signature:
>7: {...,—2,-1,0,1,2, ...,—3,-2-,2, 3, ..., +, —, >, =}
where

» ...,—2,—1,0, 1, 2, ... are constants

» ...,—3,—2-,2., 3., ... are unary functions

(intended meaning: 2-xis x + x, =3 - x is —x — x — x)
» +.,—,>, = have the usual meanings.

Relation between Tz and Ty
Iz and Ty have the same expressiveness:

» For every X gz-formula there is an equisatisfiable 2 n-formula.
» For every Y n-formula there is an equisatisfiable > z-formula.

> g-formula F and Xy-formula G are equisatisfiable iff:

F is Tg-satisfiable iff G is Ty-satisfiable



1. Theory of Reals T

Signature:
ZR: {07 1? —|_> T 2}

with multiplication. Axioms in text.

Example:

Va,b,c. b° —4ac >0 « 3Ix. ax’ + bx + c =0

is Tp-valid.

Tr is decidable (Tarski, 1930)
High time complexity




2. Theory of Rationals Tg

Signature:
ZQ: {07 1? +: Ty Ty 2}

without multiplication. Axioms in text.
Rational coefficients are simple to express in Tg.

Example: Rewrite

1 2,
_X J—
SX 3y =

as the 2 g-formula
3x + 4y > 24

T is decidable
Quantifier-free fragment of T is efficiently decidable




Theory of Arrays Tx

Signature:
A {[]? .<.<] .>’ :}
where
» a[i/] binary function —
read array a at index i (“read(a,i)")

» a(i<av) ternary function —
write value v to index i of array a (“write(a,i,v)")

Axioms
1. the axioms of (reflexivity), (symmetry), and (transitivity) of

TE
2. Va,i,j. i=j — a[i] = a[j] (array congruence)
3. Va,v,i,j.i=j — aliav)[j]=v (read-over-write 1)

4 Va,v,i,j.i£j — a{i<v)[j] = a[/] (read-over-write 2)



Note: = is only defined for array elements

F.alil]=e — a{ide)=a
hot 7a-valid, but
F'oalil=e — Vj. a(iae)lj] = alj],
is Ta-valid.

Also
a=b — ali] = bli]

is not Ta-valid: We have only axiomatized a restricted congruence.

Ta is undecidable
Quantifier-free fragment of Ta is decidable




2. Theory of Arrays T, (with extensionality)

Signature and axioms of 7, are the same as Tp, with one
additional axiom

Va, b. (Vi. a[i] = b[i]) <« a=b (extensionality)

Example:

F. ali]=e — a{(i<e)=a

is T, -valid.

T'» is undecidable
Quantifier-free fragment of T, is decidable




