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Example: finite automataExample: finite automata

For an interpretation For an interpretation II = (= (DD,,RR,,FF,,CC) where) where
DD = {= {a,b,ca,b,c}}
RR= {Trans, Final, Equality} where = {Trans, Final, Equality} where 

Trans = {(Trans = {(a,a),(a,b),(a,c),(b,c),(c,ca,a),(a,b),(a,c),(b,c),(c,c)} )} 
Final = {Final = {b,cb,c}}
Equality={(Equality={(a,a),(b,b),(c,ca,a),(b,b),(c,c)})}

FF={} ={} 
CC={a}={a}

Formulas for Formulas for II where Rwhere RII=Trans, F=Trans, FII=Final, ==Final, =I I =Equality, =Equality, iiII=a=a
I I ²² ∃∃y y R(i,yR(i,y))
I I ²² ¬¬F(iF(i))
I I 22 ∀∀xx∀∀yy∀∀z (z (R(x,yR(x,y) ) ÆÆ R(x,zR(x,z))→→ y = z)y = z)
I I ²² ∀∀xx∃∃y y R(x,yR(x,y))
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A formula represents a set of models A formula represents a set of models 

A formula A formula φφ describes describes characteristics of target structurescharacteristics of target structures in in 
a compact way.a compact way.

ex. deterministic automata, partial order sets, binary trees, ex. deterministic automata, partial order sets, binary trees, 
relational database, etcrelational database, etc

In other words, a formula In other words, a formula φφ designates a set of models (i.e., designates a set of models (i.e., 
interpretations) that satisfies interpretations) that satisfies φφ

∀∀xx∀∀yy∀∀z (z (R(x,yR(x,y) ) ÆÆ R(x,zR(x,z))→→ y = z) represents y = z) represents all deterministicall deterministic graphsgraphs
∀∀xx∀∀yy∀∀z (z (R(x,yR(x,y) ) ÆÆ R(y,zR(y,z))→→ R(x,zR(x,z)) represents )) represents all transitiveall transitive graphs.graphs.

ValidityValidity, , satisfiabilitysatisfiability, and , and provabilityprovability of a predicate formula of a predicate formula 
is all is all undecidableundecidable.  However, checking formulas on .  However, checking formulas on 
concrete interpretations is practicalconcrete interpretations is practical

ex. SQL queries over relational databaseex. SQL queries over relational database
ex. ex. XQueriesXQueries over XML documentsover XML documents
ex. Model checking of a programex. Model checking of a program
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Example: partial order set (POSET)Example: partial order set (POSET)
Def.  Def.  UU is a is a partiallypartially ordered set (ordered set (posetposet))
if if UU is a model ofis a model of

∀∀xyz ( xyz ( p(x,yp(x,y) ) ÆÆ p(y,zp(y,z) ) →→ p(xp(x, z)), z))
∀∀xy (xy (p(x,yp(x,y) ) ÆÆ p(y,xp(y,x) ) ↔↔ q(xq(x, y)), y))

ppUU = = ≤≤, , qqUU = =, then= =, then
∀∀xyz ( x xyz ( x ≤≤ y y ≤≤ z z →→ x x ≤≤ z)z)
∀∀xy (x xy (x ≤≤ y y ≤≤ x x ↔↔ x = y)x = y)

UU11²² ∃∃x x ∀∀y (x y (x ≤≤ y)y)
i.e., i.e., UU1 1 has a least elementhas a least element

UU33²² ∀∀xx¬∃¬∃y (x < y)y (x < y)
i.e., in i.e., in UU3 3 no element is strictly less than no element is strictly less than 
another elementanother element
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UU11 UU22 UU33
UU44

Note that x<y Note that x<y ≡≡ xx≤≤yy ÆÆ ¬¬(x=y)  (x=y)  
Def.  Def.  UU is a is a totallytotally ordered setordered set if if UU is a is a 
posetposet and and UU ²² ∀∀x x ∀∀y (x y (x ≤≤ y y ÇÇ y y ≤≤ x)x)
Def.  Def.  UU is is densely ordereddensely ordered if                  if                  
UU ²² ∀∀x x ∀∀y (x < y y (x < y →→ ∃∃z (x<z z (x<z ÆÆ z< y)z< y)
We can We can distinguishdistinguish UU3 3 and and UU4 4 by by A(xA(x) ) 
= = ∀∀y (y y (y ≠≠ x x →→ ¬¬(y (y ≤≤ x) x) ÆÆ ¬¬(x (x ≤≤ y))y))

UU44 ²² ∀∀x x ∀∀y (y (A(xA(x) ) ÆÆ A(yA(y) ) →→ x = y)x = y)
UU33 ²² ¬∀¬∀x x ∀∀y (y (A(xA(x) ) ÆÆ A(yA(y) ) →→ x = y)x = y)

e
gf

d

c≤≤



Intro. to Logic 
CS402 Fall 2007  

5

Exercise: POSET (cont.)Exercise: POSET (cont.)

Define formulas forDefine formulas for
x is the maximum (the largest element in a target domain)x is the maximum (the largest element in a target domain)

∀∀y y y y ≤≤ xx
x is maximal (not smaller than any other elements)x is maximal (not smaller than any other elements)

¬∃¬∃y x < y y x < y ≡≡ ∀∀yy ¬¬((x < y)x < y)
Note the Note the differencedifference between between ∀∀y y y y ≤≤ x  and x  and ∀∀y y ¬¬(x < y).  (x < y).  

For totally ordered set, these two formulas are same, but for POFor totally ordered set, these two formulas are same, but for POSET, they are different. SET, they are different. 
There is no element between x and yThere is no element between x and y

¬∃¬∃z ((x z ((x ≤≤ z z ÆÆ z z ≤≤ y) y) ÇÇ (y (y ≤≤ z z ÆÆ z z ≤≤ x))x))
x is an immediate successor of yx is an immediate successor of y

(x > y) (x > y) ÆÆ ¬∃¬∃z (y z (y ≤≤ z z ÆÆ z z ≤≤ x)x)
z is the z is the infimuminfimum of x and y (the greatest element less than or equal to x and y)of x and y (the greatest element less than or equal to x and y)

∀∀st ((st ((ss≤≤xx ÆÆ tt≤≤yy) ) →→ ((ss≤≤zz ÆÆ tt≤≤zz) ) ÆÆ ((zz≤≤xx ÆÆ zz≤≤yy))))
Give a formula Give a formula φφ s.ts.t. . UU22²² φφ and and UU44 ²² ¬¬φφ
Let Let φφ = = ∃∃xx∀∀y (x y (x ≤≤ y y ÇÇ y y ≤≤ x).  Find x).  Find posetsposets UU1 1 and and UU22 s.ts.t. . UU11 ²² φφ and and UU22 ²² ¬¬ φφ
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Example: arithmetic Example: arithmetic 
Def. A Def. A PeanoPeano structure  structure  UU = (= (NN, , 
{=}, {S,+,*}, {0}) is a model of{=}, {S,+,*}, {0}) is a model of
1.1. ∀∀x (x (¬¬ (0 = (0 = S(xS(x))))))
2.2. ∀∀x x ∀∀y (y (S(xS(x) = ) = S(yS(y) ) →→ x = y)x = y)
3.3. ∀∀x (x + 0 = x)x (x + 0 = x)
4.4. ∀∀x x ∀∀y (y (x+S(yx+S(y) = ) = S(x+yS(x+y)) )) 
5.5. ∀∀ x (x * 0 = 0)x (x * 0 = 0)
6.6. ∀∀x x ∀∀y (x*y (x*S(yS(y) = x*y + x) ) = x*y + x) 
7.7. φφ(0)(0)ÆÆ∀∀x(x(φφ(x)(x)→→φφ(S(x))(S(x))→ ∀→ ∀xxφφ(x)(x)

mathematical inductionmathematical induction

These 7 formulas do not have These 7 formulas do not have 
““≤≤”” or or ““<<““ but these predicate but these predicate 
can be expressed bycan be expressed by

x < y ::= x < y ::= ∃∃ z (x +z (x +S(zS(z) = y)) = y)
x x ≤≤ y ::= x <y y ::= x <y ÇÇ x=yx=y

ExampleExample
The set of even numbersThe set of even numbers

E(xE(x) ::= ) ::= ∃∃ y (x = y + y)y (x = y + y)
The divisibility relation The divisibility relation 

x|yx|y ::= ::= ∃∃ z (x*z = y)z (x*z = y)
The set of prime numbers The set of prime numbers 

P(xP(x) ::=) ::=
∀∀yy∀∀z (x = y*z (x = y*zz→→yy=1=1ÇÇz=1)z=1)ÆÆxx≠≠11


