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CTL is CTL is notnot more expressive than LTL more expressive than LTL 

CTL CTL cannotcannot selectselect a a rangerange of pathsof paths
F G p in LTL is F G p in LTL is notnot equivalent to AF AG pequivalent to AF AG p

MM,s,s00²² F G p but F G p but MM,s,s00 22 AF AG pAF AG p
AF AG p is strictly stronger than F G p  AF AG p is strictly stronger than F G p  
AF EG p is strictly weaker than F G p  AF EG p is strictly weaker than F G p  

Similarly, F p Similarly, F p →→ F q is F q is notnot equivalent to equivalent to 
AF p AF p →→ AF q, AF q, neitherneither to AG (p to AG (p →→ AF q) AF q) 
RemarkRemark

F X p F X p ≡≡ X F pX F p in LTL in LTL 
AF AX p is AF AX p is notnot equivalent to AX AF pequivalent to AX AF p

p ¬p p

p

¬p

p

p

¬p

p

p
¬p

p

p

¬p

p

p

p

p

p

M

s0



Intro. to Logic 
CS402 Fall 2007  

3

CTL* CTL* 

CTL* combines the expressive powers of LTL and CTLCTL* combines the expressive powers of LTL and CTL
Syntax of CTL*Syntax of CTL*

State formula State formula φφ ::= T | p | ::= T | p | ¬¬ φφ | | φφ ÆÆ φφ | A [| A [αα] | E[] | E[αα]]
Path formulaPath formula αα ::= ::= φφ | | ¬¬ αα | | αα ÆÆ αα | | αα U U αα | G | G αα | F | F αα | X | X αα

LTL is a subset of CTL*LTL is a subset of CTL*
LTL formula LTL formula αα is equivalent to A[is equivalent to A[αα] in CTL* ] in CTL* 

CTL is a subset of CTL*CTL is a subset of CTL*
We restrict We restrict αα ::= ::= φφ U U φφ | G | G φφ | F | F φφ | X | X φφ

No No booleanboolean connectives in path formula connectives in path formula 
Not real limitation.  See page 6Not real limitation.  See page 6

No nesting of the path modalities X,F, and GNo nesting of the path modalities X,F, and G
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Relationship between LTL,CTL, and CTL*Relationship between LTL,CTL, and CTL*

CTL*

CTL LTL

ψ1 ψ2 ψ3 ψ4
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Relationship between LTL,CTL, and CTL*Relationship between LTL,CTL, and CTL*

In CTL but not in LTLIn CTL but not in LTL
ψψ11 = AG EF p = AG EF p 
Proof through RAAProof through RAA

Let Let φφ be an LTL formula be an LTL formula s.ts.t. A[. A[φφ] is equivalent to AG EF p.] is equivalent to AG EF p.
Since Since MM,s,s ²² AG EF p, AG EF p, MM,s,s ²² A[A[φφ]]
The paths in The paths in MM’’ are a subset of those from s in are a subset of those from s in MM, so , so MM’’,s,s ²² A[A[φφ]]
However, However, MM’’,s,s 22 AG EF p.  AG EF p.  ContradictionContradiction

In both CTL and LTLIn both CTL and LTL
ψψ22 = AG (p = AG (p →→ AF q) in CTL or AF q) in CTL or G(pG(p →→ F q) in LTLF q) in LTL

In LTL but not in CTLIn LTL but not in CTL
ψψ33 = A [ G F p = A [ G F p →→ F q]F q]

if there are infinitely many p along the path, then there is an if there are infinitely many p along the path, then there is an occurrence of qoccurrence of q
In CTL* but neither in CTL nor in LTLIn CTL* but neither in CTL nor in LTL

ψψ44 = E [G F p]= E [G F p]
there is a path with infinitely many pthere is a path with infinitely many p
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Boolean combinations of temporal formulas in CTLBoolean combinations of temporal formulas in CTL

We can translate any CTL formula having We can translate any CTL formula having booleanboolean
combinations of path formulas into a CTL formula that combinations of path formulas into a CTL formula that 
does not.does not.
ExamplesExamples

E[ F p E[ F p ÆÆ F q] F q] ≡≡ EF [p EF [p ÆÆ EF q] EF q] ÇÇ EF [q EF [q ÆÆ EF p]EF p]
If we have F p If we have F p ÆÆ F q along any path, then either the p must come F q along any path, then either the p must come 
before the q, or the other way aroundbefore the q, or the other way around

E [ (pE [ (p11 U qU q11) ) ÆÆ (p(p22 U qU q22)] )] ≡≡
E[(pE[(p11ÆÆpp22) U (q) U (q11ÆÆE[pE[p2 2 U qU q22])] ])] ÇÇE[(pE[(p11ÆÆpp22)U(q)U(q22ÆÆE[pE[p11UqUq11])]])]
E[E[¬¬(p(p U q)] U q)] ≡≡ E[ E[ ¬¬q U (q U (¬¬p p ÆÆ ¬¬q)] q)] ÇÇ EG EG ¬¬qq

since A [p U q] since A [p U q] ≡≡ ¬¬((E[E[¬¬qq U (U (¬¬p p ÆÆ ¬¬q)] q)] ÇÇ EG EG ¬¬q)q)
E[E[¬¬X p] X p] ≡≡ EX EX ¬¬ pp
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Complexity of Model CheckingComplexity of Model Checking

Let M be a target transition system with N states and M 
transitions
Upper bound of model checking complexity

LTL-formula φ : O((N+M)·2|φ| )
CTL-formula φ : O((N+M)·|φ|)
CTL*-formula φ : O((N+M)·2|φ| )

Lower bound of model checking complexity
LTL-formula φ : PSpace-hard -> PSpace-complete

Note that P ⊆ NP ⊆ PSpace ⊆ EXP ⊆ EXPSpace
CTL-formula φ : P-hard -> P-complete 
CTL*-formula φ : PSpace-hard  -> PSpace-complete

For more details, “The Complexity of Temporal Logic 
Model Checking” by Ph. Schnoebelen

Advances in Modal Logic, Volume 4, 1-44, 2002 


