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OverviewOverview

2.1 Boolean operators2.1 Boolean operators2.1 Boolean operators2.1 Boolean operators
2.2 Propositional formulas2.2 Propositional formulas
2 3 Interpretations2 3 Interpretations2.3 Interpretations2.3 Interpretations
2.4 Logical equivalence and substitution2.4 Logical equivalence and substitution
2 52 5 SatisfiabilitySatisfiability validity and consequencevalidity and consequence2.5 2.5 SatisfiabilitySatisfiability, validity, and consequence, validity, and consequence
2.6 Semantic tableaux2.6 Semantic tableaux
2 7 Soundness and completeness2 7 Soundness and completeness2.7 Soundness and completeness2.7 Soundness and completeness
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Satisfiability v.s. validitySatisfiability v.s. validity
Definition 2.24Definition 2.24

A propositional formula A propositional formula AA is is satisfiablesatisfiable iffiff νν((AA)=)=TT for for somesomep pp p (( ))
interpretation interpretation νν..

A satisfying interpretation is called a A satisfying interpretation is called a modelmodel for for AA..
AA isis validvalid denoteddenoted ²² AA iffiff νν ((AA) =) = TT forfor allall interpretationinterpretation ννAA is is validvalid, denoted , denoted ²² AA, , iffiff νν ((AA) = ) = TT for for allall interpretation interpretation νν. . 

A valid propositional formula is also called a A valid propositional formula is also called a tautologytautology..
Theorem 2 25Theorem 2 25Theorem 2.25Theorem 2.25

AA is valid is valid iffiff ¬¬AA is is unsatisfiableunsatisfiable. . 
AA is is satisfiablesatisfiable iffiff ¬¬AA is falsifiable.is falsifiable.
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Satisfiability v.s. validitySatisfiability v.s. validity

Definition 2.26Definition 2.26

Let Let VV be a set of formulas. An algorithm is a be a set of formulas. An algorithm is a decision decision 
procedureprocedure for for VV if given an arbitrary formula A if given an arbitrary formula A ∈∈ FF, it , it 

i d h ‘ ’ if Ai d h ‘ ’ if A d hd hterminates and return the answer ‘yes’ if A terminates and return the answer ‘yes’ if A ∈∈ VV and the and the 
answer ‘no’ if A answer ‘no’ if A ∉∉ VV

B th 2 25 d i i d f ti fi bilitB th 2 25 d i i d f ti fi bilitBy theorem 2.25, a decision procedure for satisfiability By theorem 2.25, a decision procedure for satisfiability 
can be used as a decision procedure for validity.can be used as a decision procedure for validity.

SupposeSuppose V V is a set of all satisfiable formulasis a set of all satisfiable formulasSuppose Suppose V V is a set of all satisfiable formulasis a set of all satisfiable formulas
To decide if A is valid, apply the decision procedure for To decide if A is valid, apply the decision procedure for 
satisfiability to satisfiability to ¬¬AA

This decision procedure is called a This decision procedure is called a refutation procedurerefutation procedure
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Satisfiability v.s. validitySatisfiability v.s. validity

Example 2.27 IsExample 2.27 Is (p(p →→ q)q) →→ (( ¬¬ qq →→ ¬¬ p)p) validvalid??Example 2.27 Is Example 2.27 Is (p (p →→ q) q) →→ ( ( q q →→ p) p) validvalid??

p q p → q ¬ q → ¬ p (p → q) → (¬ q → ¬ p)
T T T T TT T T T T
T F F F T
F T T T T
F F T T T

Example 2.28 p Example 2.28 p \\/ q is satisfiable but not valid / q is satisfiable but not valid 
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Logical consequenceLogical consequence

Definition 2 30 (extension of satisfiability from aDefinition 2 30 (extension of satisfiability from aDefinition 2.30 (extension of satisfiability from a Definition 2.30 (extension of satisfiability from a 
single formula to a set of formulas)single formula to a set of formulas)

A set of formulasA set of formulas UU = {= {AA AA } is} is (simultaneously)(simultaneously)A set of formulas A set of formulas UU = {= {AA11 , … , … AAnn} is } is (simultaneously) (simultaneously) 
satisfiable satisfiable iff there exists iff there exists anan interpretation interpretation νν such thatsuch that νν
((AA11) = … = ) = … = νν ((AAnn) = ) = TT..11 nn

The satisfying interpretation is called a The satisfying interpretation is called a modelmodel of of UU. . 
UU is is unsatisfiableunsatisfiable iff for every interpretation iff for every interpretation νν, there , there 
exists an exists an ii such that such that νν ((AAii) = ) = FF..



Logical consequenceLogical consequence

Let U be a set of formulas and A a formula. If A is true inLet U be a set of formulas and A a formula. If A is true inLet U be a set of formulas and A a formula.  If A is true in Let U be a set of formulas and A a formula.  If A is true in 
every model of U, then A is a every model of U, then A is a logical consequencelogical consequence of U.of U.

Notation: U Notation: U ²² AA
If U is empty, logical consequence is the same as validityIf U is empty, logical consequence is the same as validity

Theoem 2.38 
UU ²² A iffA iff ²² AA AA A h U {AA h U {A AA }}U U ² ² A iff A iff ² ² AA11Æ Æ …… Æ Æ AAnn →→ A  where U={AA  where U={A11 … A… Ann}}
Note Theorem 2.16Theorem 2.16

AA11 ≡≡ AA22 if and only ifif and only if AA11 ↔↔ AA22 is true in every interpretationis true in every interpretationAA11 ≡≡ AA22 if and only if  if and only if  AA11 ↔↔ AA22 is true in every interpretationis true in every interpretation



Theories Theories 
Logical consequenceLogical consequence is the central concept in the foundations is the central concept in the foundations 
of mathematicsof mathematics

Valid formulas such as pValid formulas such as p ÇÇ qq ↔↔ qq ÇÇ p are trivial and notp are trivial and notValid formulas such as p Valid formulas such as p ÇÇ q q ↔↔ q q ÇÇ p are trivial and not p are trivial and not 
interestinginteresting
Ex. Euclid assumed five formulas about geometry and deduced Ex. Euclid assumed five formulas about geometry and deduced 
an extensive set of logical consequencesan extensive set of logical consequencesan extensive set of logical consequencesan extensive set of logical consequences..

Definition 2.41Definition 2.41
A set of formulas A set of formulas TT is a is a theorytheory if and only if  it is if and only if  it is closedclosed under under 
logical consequencelogical consequence. . 

TT is closed under logical consequence if and only if for all formula is closed under logical consequence if and only if for all formula AA, , 
if if TT ²² AA then then AA ∈∈ TT. . 

Th l t fTh l t f TT ll dll d ththThe elements of The elements of TT are called are called theoremstheorems
Let Let UU be a set of formulas. be a set of formulas. TT ((UU) = {) = {AA | | UU ²² AA} is called the } is called the 
theory of theory of UU. The formulas of . The formulas of UU are called are called axiomsaxioms and the and the yy
theory theory TT ((UU) is ) is axiomatizableaxiomatizable..

Is Is TT ((UU) theory?) theory?



Examples of theory
U = { pÇqÇr, q→r, r→p}
Interpretation v1, v3 and v4 are models 
of U p q r pÇqÇr q→r r→pof U
Which of the followings are true?

U ² p
U ² q→r

v1 T T T T T T

v2 T T F T F TU ² q→r
U ² r Ç ¬q
U ² p Æ ¬q

Theory of U i e T (U)

2

v3 T F T T T T

v4 T F F T T TTheory of U, i.e,T (U)
U ⊆ T (U) 

because for all formula A ∈ U, A ² A
p ∈ T (U)

4

v5 F T T T T F

v6 F T F T F Tp ( )
because U ² p

q→r ∈ T (U)
because U ² q→r
( ) T (U)

6

v7 F F T T T F

v8 F F F F T Tp Æ (q→r) ∈ T (U)
because U ² p Æ (q→r)  

since U ² p and U ² q→r ∴

…

v8 F F F F T T



Ex. Theory of Euclidean geometry 
A set of 5 axioms U = {A1,A2,A3,A4,A5} such that

A1:Any two points can be joined by a unique straight line. 
A :Any straight line segment can be extended indefinitely in aA2:Any straight line segment can be extended indefinitely in a 
straight line. 
A3:Given any straight line segment, a circle can be drawn having 
the segment as radius and one endpoint as centerthe segment as radius and one endpoint as center. 
A4:All right angles are congruent. 
A5:For every line l and for every point P that does not lie on l
there exists a unique line m through P that is parallel to l. 

Euclidean theory TEuclid= T (U) = { A | U ² A}
I T i i ti bl b th b 5 iI.e.,Teuclid is axiomatizable by the above 5 axioms
Ex. one logical consequence of the axioms

given a line segment AB, an equilateral triangle
exists that includes the segment as one of its 
sides. 



Ex2. Model checking (formal verification)
A file system M can be specified by the following 7 formulas (i.e., a file 
system model M = { A1,A2,A3,A4,A5,A6,A7})

A1:A file system object has one or no parent. 1 y j p
sig FSObject { parent: lone Dir } 

A2:A directory has a set of file system objects
sig Dir extends FSObject { contents: set FSObject }

A :A directory is the parent of its contents

root
A3:A directory is the parent of its contents 

fact defineContents { all d: Dir, o: d.contents | o.parent = d }
A4: A file in the file system is a file system object

sig File extends FSObject {} 
A : All file system objects are either files or directories

D1 D2

F F DA5: All file system objects are either files or directories 
fact fileDirPartition { File + Dir = FSObject } 

A6: There exists only one root 
one sig Root extends Dir { }{ no parent } 

F1 F2 D11

F111
A7: File system is connected 

fact fileSystemConnected { FSObject in Root.*contents }  
We can prove that this file system does not have a cyclic path

A: No cyclic path existsA: No cyclic path exists
assert acyclic { no d: Dir | d in d.^contents }

M ² A (i.e., this file system M does not have cyclic path)


